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Abstract: In horse-riding, a rider controls the horse through their interaction so that the horse
runs fast or jumps over hurdles. Even though the rider has an important role in controlling a
jumping horse, the rider’s policy is still open in the jumping. Thus, to identify the rider’s policy in
the jumping as the understandable quality is required. As the quality, we applied the peak force,
the peak power, and the total work that the horse needs to produce. To identify the rider’s policy
in the interaction, we regarded a jumping horse and its rider as the one-dimensional system in the
vertical displacement and modeled it, based on spring-damper-mass models proposed in horse’s
trot, using the displacements of the centers of gravity of horses and riders from video data. The
result indicates that the rider’s policy is to minimize the peak force and power that the horse
produces at landing. This means that the rider’s policy can be to suppress the sudden muscle
motion of the horse at landing in the jumping. In addition, the nature of horse-rider interaction
in the jumping would be the mass-point bouncing in the vertical displacement. In conclusion, this
study provides insight into the nature of horse-rider interaction in the jumping and the rider’s
policy.

1 Introduction

In horse-riding, a rider controls the horse through
their interaction so that the horse runs fast or jumps
over hurdles. Moreover, the rider’s proficiency would
have effects on the horse in the interaction [1, 2]. To
analyze such an effect, the quantification of the move-
ment is essential. To quantify the movement, a model
representing the main features of the phenomena is re-
quired [3–5]. For this purpose, three spring(-damper)-
mass (SDM) models were proposed in horse trot [6].
The models regard the horse-riding as the one-dimens-
ional system in the vertical displacement. Two of
them (SDM with a forcing function for the rider and
SDM with an active spring for the rider) modeled the
vertical displacements of a horse and its rider. More-
over, the models showed a decrease in the horse’s work
in different riding techniques in the trot. The trot is
quantitatively understood, being modeled. In con-
trast, the quantitative understanding of the riding in
horse jumping is still open.

In horse jumping, the quantitative understanding
of the riding is still insufficient due to a lack of effec-
tive models although the riding in the jumping has
been investigated in various aspects [7–12]. Hence,
the rider’s policy is unclear on the effects in the horse-
rider interaction even though the rider has an impor-
tant role in controlling the horse [12–14]. Thus, an
effective model is necessary to understand the rider’s
policy in the interaction in the jumping. Here, one
of the successful models, SDM with an active spring
for the rider (Fig. 1), has the applicability for the

jumping because the model has two plausible factors
for the jumping. The first is force contact factors
that can represent contact and suspension phases of
a horse and its rider. The second is an active spring
for the rider that can control the rider’s movement.
Therefore, the models would be capable of represent-
ing a jumping horse and its rider in the interaction
although it is needed to modify the horse’s model.

The purpose of this study is to identify the rider’s
policy as the understandable quality in order to un-
derstand their movement and its proficiency in the
horse-rider interaction in the jumping. We hypoth-
esized that the rider’s policy is the minimization of
mechanical properties that the horse needs to pro-
duce. As the mechanical properties, the peak force,
the peak power, and the total work were applied. To
this end, we proposed a model of a jumping horse
and its rider as the one-dimensional system in the
vertical displacement, based on SDM with an active
spring of the rider, and confirmed the rider’s policy
in the interaction on the simulational approach using
the proposed model.

2 Materials and Methods

2.1 Mathematical model of a jumping
horse and its Rider

The proposed model of a jumping horse and its rider is
the same with SDM with an active spring of the rider
(Fig. 1) except for the mechanism of the horse’s ver-
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Figure 1: Spring-Damper-Mass with an active spring
for the rider. kr,s: rider’s constant spring stiffness,
kr,l: rider’s variable spring stiffness, kh: horse’s spring
stiffness, cr: rider’s damping coefficient, ch: horse’s
damping coefficient, mr:rider’s mass, mh: horse’s
mass, Fh: horse’s amplitude of the forcing function,
ωh: horse’s angular frequency of the forcing function,
ηr,s: rider’s force contact factor for kr,s, ηr,l: rider’s
force contact factor for kr,l, ηh: horse’s force contact
factor, t: time.

Figure 2: Spring-Damper-Mass with an active spring
for the rider and a square wave forcing function for
the horse. kr,s: rider’s constant spring stiffness, kr,l:
rider’s variable spring stiffness, kh: horse’s spring
stiffness, cr: rider’s damping coefficient, ch: horse’s
damping coefficient, mr: rider’s mass, mh: horse’s
mass, FFh: horse’s square wave the forcing function,
ηr,s: rider’s force contact factor for kr,s, ηr,l: rider’s
force contact factor for kr,l, ηh: horse’s force contact
factor, t: time.

tical oscillations. In the model, the bodies of a horse
and its rider are represented by mass points mh and
mr. Each is connected with springs and damper(s)
and has contact factors (Fig. 2).

2.1.1 Rider’s model

SDM with an active spring for the rider has two springs
with constant stiffness kr,s called a saddle spring and
variable stiffness kr,l called an (leg) active spring. The
model is originally for the trot. In the rising trot,
which is a kind of riding techniques, the rider has the
standing and sitting phases. In the sitting phase, the
rider’s biomechanical properties are determined by a
saddle, the upper body connected with the saddle,
and the legs. In contrast, in the standing phase, the
property is mainly determined by the legs that will
change the effective stiffness because of losing con-
nection between the saddle and the upper body. For
this reason, the two springs were introduced in the
model.

The stiffness kr,l takes a sinusoidal value from kr,l,base
to kr,l,base + kr,l,amp with phase difference γr and the
angular frequency ωr (2πfr, where fr is the time fre-
quency). In addition, the two springs have the force
contact factors ηr,s and ηr,l, respectively. In total, the
dynamics of the rider at time t is described as

mr z̈r = −ηr,ccr(żr − żh)

− ηr,skr,sεr,s − ηr,lkr,lεr,l −mrg, (1a)

kr,l = kr,l,base
+ kr,l,amp(0.5 − 0.5 sin(γr + ωrt)), (1b)

zr,ηl
= zr,ηl,base − zr,ηl,amp sin(γr + ωrt), (1c)

εr,s =
(zr − zh) − zr,ηs

zr,ηs

, (1d)

εr,l =
(zr − zh) − zr,ηl

zr,ηl

, (1e)

ηr,s =
1

1 + exp(aεr,s)
, (1f)

ηr,l =
1

1 + exp(aεr,l)
, (1g)

ηr,c =

{
ηr,s (ηr,s ≥ ηr,l),
ηr,l (ηr,s < ηr,l),

(1h)

where z is the vertical displacement, ż is the ver-
tical velocity, ε is the strain of the movement, η is the
force contact factor, zr,ηs

and zr,ηl,base are the average
of the difference between the heights of the rider and
the horse, g is the constant gravitational acceleration,
and a is a constant that determines the tendency of
the contact’s switch.

2.1.2 Horse’s model

SDM with an active spring for the rider is originally
for horse’s trot. Thus, the model assumed that the
vertical oscillations of the horse’s body are excited
by a motor system that is described as a sine wave



forcing function (Fig. 1). Meanwhile, the jumping is
not like the motor system. Accordingly, we equipped
the model with a square wave forcing function FFh

for the jumping horse instead of the sine wave forcing
function (Fig. 2).

The dynamics of the horse at time t is described
as

mhz̈h = −ηhchżh − ηr,scr(żh − żr) − ηhkhεh
+ ηr,skr,sεr,s + ηr,lkr,lεr,l
−mhg + ηhFFh, (2a)

εh =
zh − zh,η

zh,η
(2b)

ηh =
1

1 + exp(aεh)
, (2c)

FFh =

{
Ah takeoff (ts1 ≤ t ≤ te1)
Ah landing (ts2 ≤ t ≤ te2)
0 (otherwise)

(2d)

where Ah takeoff is the amplitude for the take-off
from time ts1 to te1 and Ah landing is the amplitude
for the landing from time ts1 to te1. Ah landing was
introduced since the horse decelerates downwards by
itself at landing in terms of vertical CoG’s displace-
ment.

2.2 Data acquisition for parameter es-
timation

The proposed model is a mass-point model in the ver-
tical displacement. The centers of gravity (CoGs) in
the vertical displacement are needed to build the mod-
els. For this, first, we got anatomical positions of
riders and horses from video data and calculated the
CoGs using the positions extracted.

Two videos for the jumping (Data11: fps 29.7
and Data22: fps 25) were collected from the Internet
videos site. From the two videos, anatomical posi-
tions of the riders and the horses were extracted by
using DeepLabCut (a tool for markerless pose estima-
tion of body parts based on deep learning) [15]. The
scales (pixel/m) of the videos were calibrated so that
the horse withers height was 1.6 m.

The anatomical positions for a rider were the head,
the shoulders, the hip, the elbows, the wrists, the fin-
gertips, the knees, the ankles, the heels, and the toes.
The extracted points with low likelihood for estima-
tion and those that appear wrong were manually cor-
rected. The extracted points were used to calculate
the CoGs of each of the four body parts (the upper
body, the upper legs, the lower legs, and the feet) as
done in [16] and the CoG of the rider using

zG =

n∑
i=1

zG,imi

m
, (3)

1https://www.youtube.com/watch?v=GS8WGSPZAKU
2https://www.youtube.com/watch?v=Gtn2W8-QbjI

where m is the mass, zG,i and mi are the CoG position
and the mass in each body parts, respectively. The
mass of the rider was set to 60 kg.

The anatomical positions for a horse were the nine
points and were used to calculate the CoG of each of
the five body parts (the head, the neck, the trunk,
the shoulders, and the thighs) as done in [17] and
the CoG of the horse using (3). Note that we used
more parts to calculate the CoG of the horse than the
previous study [6] where the CoG was the average of
the spinous processes of the sixth thoracic and the firt
lumbar vertebrae, because the horse moves its neck to
maintain the body balance during jumping [7]. The
mass of the horse was set to 600 kg.

The CoGs were calculated frame by frame and
then filtered by Savitzky-Golay filter [18] for smooth-
ing.

2.3 Estimation of model parameters

The parameters in the model were estimated from the
observed displacements zr and zh by using DE [19,20].
Here, the objective function for the estimation was the
mean square error from the observed and modeled dis-
placements of the horse’s and rider’s CoG. The search
range of the parameters are presented in Table. 1,
which was determined from the values in [6, 21–23]
and in this study. To evaluate the error between
the observed and modeled displacements, the differ-
ential equations in the models were solved in RK45
(scipy.integrate.solve ivp [24]) during parameters’ es-
timation in DE.

2.4 Rider’s policy in the horse-rider in-
teraction

The mechanical values were calculated in order to
show that the rider’s policy is to minimize the me-
chanical values that the horse produces using SDM
with an active spring for the rider and a square wave
forcing function for the horse.

As the understandable quality for the rider’s pol-
icy, the force Fh,g, the absolute power Ph , and the
total work Wh that the horse produces to the ground
were calculated as

Fh,g = −ηhchż − ηhkhεh + ηhFFh (4)

Ph = Fh,g|żh| (5)

Wh =

∫
Phdt (6)

We calculated peak forces, absolute peak pow-
ers, and total works that the horse produced to the
ground using Equations (4)–(6) during take-off and
landing. The mechanical values were calculated at
the estimated parameters of the rider and at the per-
turbed parameters of the rider. The perturbed pa-
rameters of the rider are shifted parameters of the esti-
mated ones, where active spring base stiffness kr,l,base
(kN m−1) and damping coefficient cr (kg s−1) were



Table 1: Search range of the model parameters for the horse and the rider
Horse’s parameters Search range

damping coefficient ch (kg s−1) 0 – 10000
spring stiffness kh (kN m−1) 0 – 80
amplitude Ah takeoff, landing (N) 0 – 12000
take-off time window ts1, te1 (s) 0 – half of the whole time
landing time window ts2, te2 (s) half of the whole time

– end of the time

Rider’s parameters Search range

damping coefficient cr (kg s−1) 0 – 3000
saddle spring stiffness kr,s(kN m−1) 0 – 80
active spring base stiffness kr,l,base (kN m−1) 0 – 40
active spring increase stiffness kr,l,amp (kN m−1) 0 – 40
phase difference γr 0 – 2π
leg’s amplitude zr,ηl,amp (m) 0 – 0.3
time frequency fr (Hz) 0 – 3

shifted. Note that the shifts are of the rider’s pa-
rameters, not of the horse’s ones, and żh and εh in
Equations (4)–(6) were calculated in the estimated
parameters and in each set of the perturbed parame-
ters.

The calculation of the mechanical values were con-
ducted in order to show that the rider’s policy is to
minimize the mechanical values that the horse pro-
duces. Hence, this assumed that the mechanical val-
ues are minimized at the estimated parameters, not
at the perturbed parameters.

3 Results

SDM with an active spring for the rider and a square
wave forcing function for the horse successfully mod-
eled the observed displacements of the horses and the
riders (Fig. 3)(Coefficient of determination R2 , Data
1: rider= 0.990, horse= 0.952, Data 2: rider=0.985,
horse= 0.906).

The results of the calculations of the mechanical
values showed that, at landing, the peak forces on
Data 1 and 2 (Fig. 4 (d, j)) and the peak power on
Data 1 (Fig. 4 (e)) at the estimated parameters were
the smallest and that the peak power on Data 2 (Fig.
4 (k)) and the total works on Data 1 and 2 (Fig. 4 (f,
l)) at the estimated parameters was smaller than ones
at the perturbed parameters. In contrast, at take-of,
the mechanical values did not drastically change at
any points (Fig. 4 (a – c), (g – i)).

4 Discussion

To quantitatively understand the rider’s policy in terms
of the mechanical perspective, we modeled a jump-
ing horse and its rider, adjusting the horse’s model of
SDM with an active spring for the rider. The results
gave some insight into the horse-rider interaction in
jumping and the rider’s policy. The details are dis-
cussed below.
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Figure 3: Vertical the displacements observed and
modeled by SDM with an active spring for the rider
and a square wave forcing function for the horse.
Rider observed (blue line) : rider’s displacements ob-
served from video data, rider modeled (orange line)
: rider’s displacements modeled by the model, horse
observed (green line) : horse’s displacements ob-
served from video data, horse modeled (red line) :
horse’s displacements modeled by the model. Coef-
ficient of determination R2 , Data 1: rider= 0.990,
horse= 0.952, Data 2: rider=0.985, horse= 0.906



Take-off:
Data 1 Data 2

Force

1744.7 1745.7 1746.7 1747.7 1748.7 1749.7 1750.7 1751.7 1752.7 1753.7 1754.7
cr (kg s−1)
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2.376
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2.379

k r
ba
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_a
m
p
 (k

N
m

−1
)

16.83 16.82 16.81 16.81 16.80 16.79 16.78 16.99 16.98 16.97 16.86

16.83 16.82 16.82 16.81 16.80 16.79 16.78 16.77 16.98 16.97 16.83

16.83 16.83 16.82 16.81 16.80 16.79 16.78 16.77 16.98 16.97 16.80

16.83 16.83 16.82 16.81 16.80 16.79 16.78 16.77 16.98 16.97 16.80

16.84 16.83 16.82 16.81 16.80 16.79 16.78 16.77 16.98 16.97 16.77

16.84 16.83 16.82 16.81 16.80 16.79 16.78 16.77 16.98 16.97 16.98

16.84 16.83 16.82 16.81 16.80 16.79 16.78 16.77 16.98 16.98 16.97

16.84 16.83 16.82 16.81 16.80 16.79 16.78 16.77 16.98 16.98 16.97

16.84 16.83 16.82 16.81 16.80 16.79 16.78 16.77 16.99 16.98 16.97

16.84 16.83 16.82 16.81 16.80 16.80 16.79 16.78 16.99 16.98 16.97

16.84 16.83 16.82 16.81 16.81 16.80 16.79 16.78 16.77 16.98 16.97
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)

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.37

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.37

17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.38 17.37
15.0

16.5

18.0

19.5

21.0

Pe
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rc
e 
(k
N)

(a) (g)
Power

1744.7 1745.7 1746.7 1747.7 1748.7 1749.7 1750.7 1751.7 1752.7 1753.7 1754.7
cr (kg s−1)

2.369

2.37

2.371

2.372

2.373

2.374

2.375

2.376

2.377

2.378

2.379

k r
ba

se
_a
m
p
 (k

N
m

−1
)

28.31 28.25 28.26 28.27 28.31 28.30 28.17 27.78 27.77 27.77 28.17

28.30 28.25 28.26 28.27 28.31 28.31 28.25 28.37 27.77 27.78 28.21

28.26 28.25 28.26 28.27 28.32 28.32 28.25 28.36 27.77 27.78 28.35

28.26 28.25 28.26 28.27 28.26 28.32 28.26 28.37 27.78 27.77 28.27

28.26 28.24 28.26 28.27 28.28 28.32 28.27 28.37 27.78 27.77 28.25

28.26 28.24 28.26 28.27 28.28 28.33 28.28 28.39 27.78 27.77 27.77

28.26 28.24 28.26 28.27 28.28 28.33 28.29 28.40 27.78 27.77 27.77

28.25 28.22 28.26 28.27 28.28 28.33 28.30 28.42 27.78 27.77 27.78

28.25 28.34 28.25 28.27 28.28 28.32 28.30 28.26 27.79 27.78 27.78

28.24 28.30 28.25 28.26 28.28 28.31 28.31 28.25 27.79 27.78 27.78

28.23 28.28 28.25 28.26 28.28 28.34 28.32 28.25 28.37 27.78 27.78 20
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40

Pe
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 p
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er
 (k

W
)

300.6 301.6 302.6 303.6 304.6 305.6 306.6 307.6 308.6 309.6 310.6
cr (kg s−1)

0.332

0.333

0.334

0.335

0.336

0.337

0.338

0.339

0.34

0.341

0.342

k r
ba

se
_a
m
p
 (k

N
m

−1
)

29.48 29.48 29.49 29.49 29.49 29.49 29.48 29.48 29.48 29.48 29.48

29.48 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.48 29.48 29.48

29.48 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.48 29.48

29.48 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49

29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49

29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49

29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49

29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49

29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49 29.49

29.49 29.49 29.50 29.50 29.50 29.50 29.49 29.49 29.49 29.49 29.49

29.49 29.49 29.50 29.50 29.50 29.50 29.50 29.49 29.49 29.49 29.49 20

24

28

32

36

40

Pe
ak
 p
ow

er
 (k

W
)

(b) (h)
Work

1744.7 1745.7 1746.7 1747.7 1748.7 1749.7 1750.7 1751.7 1752.7 1753.7 1754.7
cr (kg s−1)

2.369

2.37

2.371

2.372

2.373

2.374

2.375

2.376

2.377

2.378

2.379

k r
ba

se
_a
m
p
 (k

N
m

−1
)

115.96 116.06 116.24 116.43 116.65 116.80 116.86 111.50 111.70 111.87 115.22

115.94 116.04 116.22 116.41 116.64 116.79 116.91 117.24 111.68 111.88 115.75

115.88 116.02 116.20 116.39 116.63 116.78 116.89 117.22 111.66 111.87 116.68

115.86 116.00 116.18 116.37 116.52 116.77 116.88 117.20 111.64 111.85 116.44

115.84 115.98 116.17 116.35 116.53 116.76 116.87 117.19 111.62 111.83 117.01

115.82 115.96 116.15 116.33 116.52 116.74 116.86 117.19 111.60 111.80 111.68

115.80 115.93 116.13 116.32 116.50 116.73 116.85 117.18 111.58 111.78 111.85

115.77 115.90 116.12 116.30 116.48 116.72 116.84 117.18 111.56 111.76 111.92

115.75 116.03 116.10 116.28 116.47 116.70 116.83 116.98 111.54 111.74 111.94

115.72 115.98 116.08 116.26 116.45 116.67 116.82 116.95 111.52 111.72 111.93

115.69 115.94 116.06 116.25 116.43 116.68 116.81 116.93 117.26 111.70 111.91

80

100
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k 
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J)

300.6 301.6 302.6 303.6 304.6 305.6 306.6 307.6 308.6 309.6 310.6
cr (kg s−1)

0.332

0.333

0.334

0.335

0.336

0.337

0.338

0.339

0.34

0.341

0.342

k r
ba

se
_a
m
p
 (k

N
m

−1
)

82.34 82.35 82.36 82.37 82.37 82.37 82.37 82.37 82.37 82.37 82.37

82.34 82.36 82.37 82.37 82.37 82.37 82.37 82.37 82.37 82.37 82.37

82.35 82.36 82.37 82.37 82.38 82.38 82.38 82.38 82.38 82.38 82.38

82.35 82.36 82.37 82.38 82.38 82.38 82.38 82.38 82.38 82.38 82.38

82.35 82.37 82.38 82.38 82.39 82.39 82.39 82.39 82.38 82.38 82.38

82.36 82.37 82.38 82.39 82.39 82.39 82.39 82.39 82.39 82.39 82.39

82.36 82.38 82.39 82.39 82.39 82.39 82.39 82.39 82.39 82.39 82.39

82.37 82.38 82.39 82.39 82.40 82.40 82.40 82.40 82.40 82.40 82.40

82.37 82.38 82.39 82.40 82.40 82.40 82.40 82.40 82.40 82.40 82.40

82.37 82.39 82.40 82.40 82.41 82.41 82.41 82.41 82.41 82.40 82.41

82.38 82.39 82.40 82.41 82.41 82.41 82.41 82.41 82.41 82.41 82.41
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100
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(c) (i)



Landing:
Data 1 Data 2

Force

1744.7 1745.7 1746.7 1747.7 1748.7 1749.7 1750.7 1751.7 1752.7 1753.7 1754.7
cr (kg s−1)

2.369

2.37

2.371

2.372

2.373

2.374

2.375

2.376

2.377

2.378

2.379

k r
ba

se
_a
m
p
 (k

N
m

−1
)

18.52 17.68 16.75 17.29 18.74 18.21 17.01 17.85 17.86 17.00 18.63

17.90 18.09 17.38 18.79 18.07 17.30 17.76 17.16 16.60 17.60 16.95

16.74 17.72 17.10 16.46 18.60 18.65 18.66 18.21 18.28 17.69 17.46

17.68 16.94 17.40 18.01 17.37 18.25 17.62 17.80 16.08 16.79 17.19

18.03 18.11 17.83 17.71 17.73 15.72 17.89 16.62 16.42 17.39 18.47

19.06 17.56 16.68 18.02 18.43 15.68 16.88 18.28 16.34 17.37 18.01

18.31 18.29 17.14 17.99 17.95 18.04 17.28 17.84 17.92 16.48 17.43

18.73 18.58 18.64 17.28 17.85 18.23 17.58 18.44 16.56 16.49 16.04

18.16 18.55 16.89 16.84 17.39 18.64 16.87 16.88 16.57 18.00 17.38

19.94 20.08 17.92 17.41 16.77 17.87 16.72 16.93 17.12 17.85 17.77

17.05 18.33 18.17 16.81 17.50 18.60 16.62 17.64 17.19 17.58 18.11
15.0

16.5

18.0

19.5

21.0

Pe
ak

 fo
rc
e 
(k
N)

300.6 301.6 302.6 303.6 304.6 305.6 306.6 307.6 308.6 309.6 310.6
cr (kg s−1)

0.332

0.333

0.334

0.335

0.336

0.337

0.338

0.339

0.34

0.341

0.342

k r
ba

se
_a
m
p
 (k

N
m

−1
)

19.30 19.05 19.56 19.06 19.05 19.19 19.18 19.19 19.20 19.21 19.24

19.29 19.05 19.35 19.05 19.04 19.19 19.18 19.19 19.20 19.21 19.24

19.28 19.05 19.22 19.05 19.04 19.19 19.18 19.19 19.20 19.21 19.24

19.25 19.05 19.14 19.04 19.04 19.19 19.19 19.20 19.20 19.21 19.24

19.10 19.05 19.09 19.04 19.32 17.63 19.19 19.21 19.21 19.22 19.24

19.03 19.05 19.07 19.03 19.39 17.63 19.20 19.22 19.22 19.22 19.24

19.02 19.05 19.05 19.03 19.47 17.63 19.21 19.24 19.23 19.23 19.24

19.02 19.05 19.04 19.03 19.54 17.63 19.22 19.26 19.25 19.24 19.24

19.02 19.05 19.04 19.03 19.59 17.63 17.64 17.67 19.28 19.25 19.25

19.02 19.05 19.04 19.03 19.62 17.63 17.64 17.67 17.70 19.27 19.25

19.02 19.05 19.03 19.03 19.64 17.63 17.64 17.67 17.70 19.30 19.26
15.0

16.5

18.0

19.5

21.0

Pe
ak

 fo
rc
e 
(k
N)

(d) (j)
Power

1744.7 1745.7 1746.7 1747.7 1748.7 1749.7 1750.7 1751.7 1752.7 1753.7 1754.7
cr (kg s−1)

2.369

2.37

2.371

2.372

2.373

2.374

2.375

2.376

2.377

2.378

2.379

k r
ba

se
_a
m
p
 (k

N
m

−1
)

34.63 28.33 24.21 28.55 34.56 33.13 25.99 31.58 29.63 24.53 33.75

30.00 29.97 27.30 35.47 29.78 28.51 30.69 25.82 23.28 27.53 25.01

25.05 28.13 25.86 24.34 34.11 32.54 32.63 30.53 32.45 27.78 28.02

30.40 27.04 27.17 31.99 29.06 31.30 30.60 30.87 21.28 23.40 26.90

30.56 32.47 29.17 28.55 30.75 20.30 31.29 25.81 23.13 26.59 33.97

35.08 28.38 25.37 30.33 33.56 19.96 25.85 33.26 22.97 26.54 30.41

31.06 33.35 27.90 30.41 30.30 30.65 26.80 31.32 31.15 22.23 26.62

33.12 34.59 34.45 26.84 29.39 33.23 28.48 34.25 24.47 22.44 20.01

30.73 33.96 26.21 24.67 29.09 34.75 24.35 27.09 24.79 30.27 26.44

40.06 42.39 29.28 27.50 25.92 30.01 23.20 27.30 27.84 29.54 28.35

26.77 31.44 30.50 24.46 29.67 34.55 25.15 30.40 25.66 28.50 30.26 20

24

28

32

36

40

Pe
ak
 p
ow

er
 (k

W
)

300.6 301.6 302.6 303.6 304.6 305.6 306.6 307.6 308.6 309.6 310.6
cr (kg s−1)

0.332

0.333

0.334

0.335

0.336

0.337

0.338

0.339

0.34

0.341

0.342

k r
ba

se
_a
m
p
 (k

N
m

−1
)

38.52 36.73 40.07 36.76 36.59 37.36 37.17 37.11 37.05 36.99 36.94

38.48 36.73 38.79 36.69 36.57 37.34 37.20 37.14 37.06 37.00 36.94

38.40 36.74 37.82 36.66 36.55 37.34 37.22 37.17 37.09 37.01 36.95

38.03 36.75 37.30 36.64 36.54 37.35 37.25 37.22 37.13 37.03 36.95

37.08 36.76 37.00 36.62 38.48 28.61 37.30 37.29 37.18 37.05 36.97

36.67 36.76 36.84 36.60 38.96 28.61 37.35 37.37 37.25 37.09 36.99

36.61 36.77 36.76 36.59 39.44 28.62 37.41 37.48 37.35 37.14 37.01

36.61 36.77 36.71 36.58 39.84 28.62 37.50 37.64 37.49 37.21 37.04

36.61 36.77 36.68 36.57 40.14 28.62 28.59 28.62 37.68 37.31 37.08

36.61 36.77 36.67 36.57 40.36 28.63 28.59 28.62 28.66 37.45 37.14

36.61 36.77 36.65 36.57 40.50 28.63 28.60 28.63 28.67 37.64 37.23 20

24

28

32

36

40

Pe
ak
 p
ow

er
 (k

W
)

(e) (k)
Work

1744.7 1745.7 1746.7 1747.7 1748.7 1749.7 1750.7 1751.7 1752.7 1753.7 1754.7
cr (kg s−1)

2.369

2.37

2.371

2.372

2.373

2.374

2.375

2.376

2.377

2.378

2.379

k r
ba

se
_a
m
p
 (k

N
m

−1
)

117.06 106.02 71.45 83.01 101.19 95.41 89.40 90.23 83.56 85.74 98.83

84.74 112.64 77.89 106.68 99.75 82.96 93.40 78.04 68.22 97.94 73.85

80.31 106.04 74.85 73.92 140.53 116.34 114.17 88.67 90.92 94.88 79.96

86.63 80.58 78.03 94.08 84.60 86.86 91.53 102.81 63.75 75.36 78.29

87.54 94.65 83.28 81.87 88.45 69.02 92.70 82.28 68.62 81.46 105.46

122.24 80.87 76.30 86.38 96.26 68.57 77.30 101.27 68.04 79.78 86.16

102.97 96.72 82.31 86.45 86.52 91.56 77.53 90.90 87.99 65.95 87.43

113.15 103.07 108.64 77.24 83.71 98.48 82.09 98.32 72.61 66.08 64.66

86.83 101.63 77.16 72.38 84.44 105.66 71.13 84.01 74.12 85.71 98.29

145.88 166.24 109.58 78.70 77.36 92.43 68.13 83.60 81.73 83.60 102.89

82.77 88.86 114.13 71.71 85.38 105.89 76.34 99.50 73.97 80.08 107.01
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300.6 301.6 302.6 303.6 304.6 305.6 306.6 307.6 308.6 309.6 310.6
cr (kg s−1)

0.332

0.333

0.334

0.335

0.336

0.337

0.338

0.339

0.34

0.341

0.342

k r
ba

se
_a
m
p
 (k

N
m

−1
)

125.94 108.78 126.83 108.82 108.40 114.15 114.20 114.28 114.30 114.27 108.44

126.24 108.76 128.60 108.82 108.19 114.13 114.21 114.30 114.33 114.30 108.43

126.73 108.74 111.41 108.73 107.97 114.12 114.23 114.33 114.36 114.33 108.44

111.90 108.72 112.90 108.60 107.72 114.12 114.24 114.36 114.39 114.36 108.47

111.09 108.70 107.59 108.46 126.18 80.81 114.27 114.39 114.43 114.40 108.50

106.47 108.68 108.57 108.30 123.38 80.86 114.30 114.43 114.47 114.44 108.55

107.16 108.66 108.71 108.13 121.27 80.85 114.33 114.49 114.52 114.49 108.60

107.26 108.64 108.74 107.95 120.08 80.84 114.37 114.56 114.59 114.55 114.48

107.35 108.63 108.70 107.76 119.10 80.82 83.00 82.57 114.67 114.61 114.54

107.44 108.61 108.63 107.56 127.59 80.79 82.87 82.24 82.24 114.67 114.61

107.52 108.60 108.55 107.34 126.81 80.76 82.75 82.01 81.96 114.76 114.68
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Figure 4: The mechanical values that the horse produced to the ground. (a – c): force, power, and work, at
take-off on Data 1, (d – f): force, power, and work, at landing on Data 1, (g – i): force, power, and work
at take-off on Data 2, (j – l): force, power, and work at landing on Data 2. Spring stiffness 0.337 kN m−1

and damping coefficient 305.6 kg s−1 are the estimated parameters of the rider on Data 1. Spring stiffness
2.374 kN m−1 and damping coefficient 1749.7 kg s−1 are the estimated parameters of the rider on Data 2. The
others are the perturbed parameters of the rider.



4.1 Horse-rider interaction in the jump-
ing

The nature of the horse-rider interaction in the jump-
ing would be mass-point bouncing of a horse and its
rider in the vertical direction, like the trot [6]. This
is because the one-dimensional system of a spring-like
manner successfully modeled a jumping horse and its
rider (Fig. 3). Actually, all animals that run, hop,
and trot bounce along the ground in a spring-like
manner [25–30]. This means that the main feature of
these movements is the vertical displacement in the
spring like manner. Like the movements, a jumping
horse and its rider that are represented by the springs’
model (Fig. 3) would also essentially be the one-
dimensional movement although the horse and rider
are represented by the two mass-points.

4.2 Rider’s policy

The results indicates that the rider’s policy is to min-
imize the mechanical values that the horse produces
at landing. In fact, the mechanical values at the esti-
mated parameters were smaller than ones at the per-
turbed parameters or the smallest at landing (Fig. 4
(d – f), (i – l)). In particular, the peak force and the
peak power were particularly evident compared with
the work (Fig. 4 (d – f), (i – l)). This should be
related to the property of the jumping. It is an “in-
stantaneous” movement. In contrast, in the trot that
is a “continuous” movement, the total work of the
horse was also minimized in the optimal mode of the
riding [6]. This is the difference of the property be-
tween the trot and the jumping. In the jumping, the
rider’s policy should be the minimization especially in
the peak power and the peak force. In other words,
in the instantaneous movement, that is, the jumping,
the rider’s policy can be to suppress the sudden mus-
cle motion of the horse.

In addition, the results indicates that the profi-
ciency in the rider’s policy is reflected at landing, since
at take-off, the mechanical values did not drastically
change at any parameter points (Fig. 4 (a – c), (g
– i)) while at landing, the mechanical values changed
depending on the parameters. At take-off, the horse
jumps up and lift up the rider under any rider’s mo-
tions and positions. In contrast, at landing, the rider
could control the peak of the force and the power that
the horse produces, changing the rider’s position and
the rider’s landing moment with the horse’s landing
moment. For these reasons, rider’s proficiency could
be reflected at landing.

5 Conclusion and Future Works

We found that the rider’s policy would be the mini-
mization of the mechanical values that the horse pro-
duces at landing. In particular, the peak force and the
peak power were particularly evident. This is likely
to be related to the property of the jumping. Besides,

the horse-rider interaction in the jumping would es-
sentially be the mass-point bouncing in the vertical
displacement since a jumping horse and its rider were
successfully modeled in the one-dimensional system
of two springs. In conclusion, the hypothesis that the
rider’s policy is the minimization of the mechanical
values the horse produces was confirmed.

A future work is practically to compare proficient
riders with beginner’s in the proposed model in order
to verify our indication regarding the rider’s policy
that is to minimize the mechanical values at land-
ing in more data. Proficient riders would reduce the
mechanical values. This comparison will make our
indication more persuasive.
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